ON THE RESTRICTION MAP FOR JACOBI FORMS 



B. RAMAKRISHNAN AND KARAM DEO SHANKHADHAR 

Abstract. In this article we give the description of the kernel of the restriction map for 
Jacobi forms of index 2 and obtain the injectivity of Do ffi D2 on the space of Jacobi forms 
of weight 2 and index 2. We also obtain certain generalization of these results on certain 
subspace of Jacobi forms of square-free index m. 



1. Introduction 

Let -Do be the restriction map from the space of Jacobi forms of weight k, index m on the 
congruence subgroup ro(A'') to that of elhptic modular form of the same weight on ro(A^), 
given by 0(r, z) 1— )■ (/)(r, 0). More generally, one obtains modular forms of weight k + i' hy 
using certain differential operators Di, (see [3] for details). Then it is known that ©J^QL>2iy 
is injective for k even, but when > 4, it is well-known that the map Dq is far from being 
injective. However, J. Kramer |4j and T. Arakawa and S. Bocherer [2j observed that when 
k = 2 the situation may be different. In fact, when m = 1, Arakawa and Bocherer [Ij provided 
two explicit descriptions of Ker(L)o): one in terms of modular forms of weight k — 1 and the 
other in terms of modular forms of weight k + 2 (by applying the differential operator D2 
on Ker(L'o))- In a subsequent paper [2j, they proved that Dq is injective in the case k = 2, 
m = 1 and gave some applications. In a private communication to the authors, Professor 
Bocherer informed that one of his students gave a precise description of the image of Dq © D2 
in terms of vanishing orders in the cusps {k arbitrary, m = 1). Based on this, he conjectured 
that in the case k = 2, one can remove one of the D21J from the direct sum ®^o-^2!^ without 
affecting the injectivity property. 

In this paper, we generalize the results of [IJ to higher index. In §3, we consider the case 
m = 2 and show that Ker(Z?o) is isomorphic to the space of vector- valued modular forms of 
weight k — 1 and D2(Ker(Z)o)) is isomorphic to a certain subspace of cusp forms of weight 
k + 2 and these two spaces are related with each other by a simple isomorphism (Theorem 
3.3). In §3.3, we obtain the injectivity of Dq © D2 on J2,2(ro(2A)), where A = 2 or an odd 
square- free positive integer (Theorem 3.4). This confirms the conjecture made by Professor 
Bocherer partially in the index 2 case (i.e., we can omit the operator Z?4). In §4, we consider a 
subspace of Jk,m(Xoi^N),x)i where m is a square-free positive integer and N is any positive 
integer and obtain results similar to pT] and prove the injectivity of Dq on this subspace when 
k = 2, mN square-free (Theorem 4.2 and Corollary 4.4). In §5, we make several remarks 
concerning the subspace studied in §4. 
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2. Preliminaries 



Let A*", m and k be positive integers. We denote the space of Jacobi forms of weight k, 
index m and (Dirichlet) character x for the Jacobi group Tq{N) x by Jk,m(^o{N),X)- It 
is well known that any such Jacobi form ^(r, z) can be (uniquely) written as 



2m- 1 



r=0 



with 



'm.r 



ir,z) 



n>r^/4m 



where c^{n^r) denotes the (n, r)-th Fourier coefficient of the Jacobi form ^. 
The (column) vector 0"^(r, z) = {0^^{T,z))Q^r<2m satisfies the transformation 

e^([7,(0,0),l](T,z)) =e2--^(cT + d)ic/^(7)e^(T,z) (1) 

for all 7 = ^) ^ SL2{Z). Here Um ■ SL2{Z) — > C/(2m, C) denotes a (projective) 
representation of S'L2(Z). In the cases m = 1 and 2, it is given by 
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The row vector h = (/im,r)o^r<2m satisfies transformation 

Kir) = x{d){cT + d)'=-5h(r)M7)* 
for all 7 = ^) G ro(iV). 

For any 7 = ^) ^ ^oi'm), let 7„i denotes the SL2{'L) matrix ^ 

and (^t^)osgi,j^i represent Umil) and ?7i(7m) respectively. Since 0^ q{t, z) = 
6i Q{mT,mz) and Om,mi''',z) = 0i i{mT,m.z), it follows that for any 7 = ^) ^ I'o("T') we 



a bm 
^ d 



(2) 



. Let the matri- 
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have 



3]/)(7m(mr,mz)) (3) 

\"m,mj 

Now, if we compare the transformation properties for the action of 7 G ro(m) as given in dT]) 
and (l3|) for 9:^q and 0;^mi have two hnear equations in (^mr)o^r<2m as fohows: 

Ko-<o)Co + ('"Om-u[Jl)e;^,^^+ ^OjOij = 0. (4) 

(^^mO — 'Ulo)^m,0 + (^mm — ^ll)^m,m + '^mjGmj = 0- (5) 

Since the set {6'm r}o^r<2m is hnearly independent over C, we have 

^^00 = u^oi uom = u^i , uoj = for all j / 0, m; 

UmO = u'S), Umm = U^i,Umj = for aU j / 0, 771. 

Using ([2|) and the above observation for Um, we also have 

VoA (^^) ^ ;,(d)(cr + d)'=-^!M^f f^™'°) (r), (6) 

'''m,m J \'^m,m J 



for all 7 = (° G ro(miV). 



Now for a given m, we define the character on ro(m) by Wm(7) = det{Ui{'yrn)) for all 
7 G ro(m.). We will simply write lv (as used in [T] ) for ui. 

Let r7(r) = e^'^*'^/^^ nn>i(l denote the Dedekind eta function. One has the following 

identity: 



Vnez 



r?^(2r) = -0i,o(T)0i,i(r)( >^(-l)V 

where 9m,r{T) = 9:^^.{t,0). The above identity implies that 6*1^0 and 6*1^1 have no zeroes in 
the upper half-plane. 

Let Do : Jk,m(roi^)iX) — ^ -^A:(ro(-^), x) be the restriction map given by (j){T,z) ^ 
(/>(r, 0) and D2 be the differential operator 



D - —— 4— 

2-Ki dz^ dr 



^=0 



which acts on holomorphic functions on H x C. In the next two sections we study the kernel 
of Dq. Let = {~^)^ (otherwise Mfc(ro(iV),x) = {0}). Then one has hm,r = hm,2m-r 

for all r ^ 0,m. 
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3. The space of Jacobi forms of index 2 



Throughout this section = 2, or an odd square-free positive integer. In this section, 
we study the kernel of the restriction map Dq in some detail for the space of index 2 Jacobi 
forms on ro(2A^) and deduce the injectivity of Dq © D2 in the weight 2 case. We denote the 



kernel of Dq by Jfc^2(ro(2A^), x)^- If we denote the matrices 



1 
1 



hy Id, 



1 1 
1 



by T and 



by S then the action of U2 on ro(2) is given by 
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Therefore, for any 7 G ro(2), the matrix U2{'y) will always look like (^iij)o^ij<4 with Uij 
unless i + j is even. Also un + U13 = U31 + U33, since 62,1 = 02,3 and 621 has no zero 
in the upper half plane. Furthermore, we define a (projective) representation of ro(2) by 
^2(7) = ('"11 + ui3)^^Ui{j2), where 72 is the SL2{1) element as in §2. 

3.1. Connection to the space of vector valued modular forms. We start now from 
a Jacobi form cf) G Jfe^2(ro(2-/V), x)*^? <^ is in the kernel of the restriction map Dq. This 
gives us 

= </)(r,0) = /i2,o(r)02,o(r) +2/i2,i(r)02,iM + /i2,2(r)02,2(r). 
Define two new functions as 

^2,0 , 



h 

</5o(t) := ^(r), ip2{T) := -^(r) 

72,1 t/2,1 



(8) 



Since ^2,1 has no zeros in the upper half plane, (po and (p2 are holomorphic on the upper half 
plane. 

Proposition 3.1. With (pQ and ip2 defined as above, {{po,ip2Y is a vector valued modular 
form on ro(2A^) of weight {k — 1) with character x o.'^^d representation p2. (We denote the 
space of all such vector valued modular forms hy VMk^i{TQ{2N),x] Pi)-) 

Proof. We have to check the transformation property and holomorphy condition at the cusps. 

First we check the transformation property. For any 7 = ^) ^ ^0(2^^), using ([6]) we 

have 

(/l2,0, h2,2){lT) = x{d){cT + df-^{h2fi, /l2,2) (r)C/l (72)*, 

where 72 is as in §2. For {ipQ,(p2) this means 



2,l(7T")(V'0,V'2)(7'^) =X{d){cT + d) 2 02,i{t){(Po, f2){T)Ui{j2 
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Using ^2,1(7''") = ("Uii +^33) (cT + d) 2 02,i(''"), we obtain the following transformation property: 

It remains to investigate the behaviour of ipQ and (^2 at each cusp of ro(2A^). A complete set 
of cusps of ro(2A^) is given by the numbers - where c runs over positive divisors of 2N and 
for a given c, a runs through integers with 1 ^ o ^ 2N ^ gcd(a, 2A'^) = 1 that are inequivalent 
modulo gcd{c, For any N, the cusps corresponding to the divisors 1 and 2N, that is, 
1 and 2^ are equivalent to and 00 respectively. So we can assume that all the cusps of 
ro(2A^) are given by 00, and - with c\2N and c 7^ 1, 2N. Now choose any cusp s from the 
above list. We divide our cusp condition verification in the following two cases : 
Case 1: Suppose s = 00. If (j) G Ker(L'o)) then (/>(t, 0) = '^C(p{n,r)q'^ = implies that 
C(/>(0,0) = 0. Therefore, /i2,o(''") = ''^^C(f){n,0)q"' = q''^^C(j,{n,0)q"'~^ . Also we have /i2,2(''") = 

^c<^(n,2)g"-5 =g5^c<^(n,2)g"-i and ^2,1 W = ^9^^"+^)' = ^ g(2"'+«). Now the 

holomorphicity at the cusp 00 of the functions ipo = and Lp2 = follows from the q 
expansions of /i2,0) ^2,2 and 02, i- 

Case 2: Suppose s 7^ 00. For s = and ^ choose the SL2{1j) matrix g as S and ST^'^S 
respectively which takes 00 to s. We have 

(cr + dr'+^ (-2/^2,1 (<?r) ) = (cr + d) 5 ((^0 (gr) , ^2 (gr) ) (^2,0 (^r) , ^2,2 (^r) )* 

= (cr + dr''+\ipo{gT),^2{gr)){cT + (i)-^(02,o(5r), ^2,2(5^))*. 

For the choice of g, U2{g) will have nonzero entries at the (0,0)-th place and the 
(2, 0)-th place since either g is 5 or 2\\c or c is odd. Therefore, we see that 
(cr + d) ~ 2 (^2, 0(5''")) ^2,2(9''"))* tends to a column vector having each component nonzero as 
Im r tends to 00. This shows that (cr + d)^^^^ {LpQ{gT) , ip2{gT)) tends to a finite limit as Im 
r goes to 00. □ 



Conversely, let {(po, (^2)* be a vector valued modular form in V Mk_i{TQ{2N) , x] 92)- Then, 
we obtain 

,/)(r,z) =V9o(T)02,l(T)02^,o(^,^)-^(V'O^2,O + </'2MW(^2,l+^2,3)(-r,^ 

+ MT)92A{T)ei2{r,z). 

By using the transformation properties for (990; ¥^2) and 9 functions for ro(2A^), we see that 
G <^fc,2(ro(2A^), x)'^- Thus, we have obtained the following theorem. 

Theorem 3.2. There is a linear isomorphism 

A2 : Jk,2{^o{2N),xf VMk-i{To{2N),x;P2), 

given by dH). 
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3.2. Connection to the space of cusp forms. Let D2 be the differential operator as 
defined in ([7]) and cp G Ker(L'o) be of the form given by ([9]). Then, proceeding as in [U 
Section 3] and using the differential equations 

^2 Q 

g^ei^^ = im{27ri) — ei^^ for r G {0, 1, ....2m - 1}, (10) 

we obtain 

D2{cP) = 8k (v^o(^2,i^2,o - ^2,0^2,1) + ^^2(^2,1^2,2 - ^2,2^2,1)) • 
We define := ^2,1^2,0 - ^2,0^2,1 and 6 := ^2,1^2,2 - ^2,2^2.1- Then 

D2{cl))=8k{ipo,ip2m,^2Y. (11) 

Proceeding as in [H Proposition 2], {(,o,(,2Y is a vector valued cusp form for ro(2) of weight 
3 and representation (p^^) . Define the space 

5i+2(ro(2iV),x)° 

:= {/ e 5fc+2(ro(2A^),x): / = (/^o^o + </'26 with (^o,¥'2) e VMk^i{To{2N),x; P2)}- 
We summarize the results of §3 in the following. 

Theorem 3.3. The map D2 ■ Jk,2(Xoi2N),x) — > 'S'fc+2(ro(2A^), x) induces an isomorphism 
between Jk,2{^o{'^^),x)^ o^nd S'^^2(ro(2-/V), x)'^- More precisely, we have the following com- 
mutative diagram of isomorphisms: 

jfe,2(ro(27V),x)° 

yMfc_i(ro(27V), x; P2) 52+2(ro(27V), xf 

where the isomorphism in the bottom of the diagram is given by 

(9^0, V>2) ^ 8k{iQipQ + ^2^2)- 

3.3. Injectivity of Dq © D2. In this section, we shall prove the injectivity of the operator 
Dq © D2 in the weight 2 case. Let (p £ Kei{Do © D2). Then (p E Ker(Z)o), so by ([m, we get 
D2(l) = 8k{ipQ^Q + ip2^2)- Now using the fact that cp S Ker(L'2), we obtain 

O = D20 = 8/c(<y9oeo + 9'26), 
which gives (poCo + ^2^2 = 0. Define 

Hr) = f{r) = ^(r). (12) 

?2 ?0 

If for any r in the upper half-plane, we have ^^{t) = i2{T) = 0, then by definition of ^0 and 
^2, this leads to rf{2T) = 0, which is not true. Therefore, the function ■0 is holomorphic in 
the upper half-plane. We shall now prove that ip \s a. modular function of weight k — A with 
respect to the group ro(2iV). Let 7 G ro(27V). Then 

(<^o,</'2)(7t) = x{d){cT + df-^{^Q,^2){T)p2{lY ■ 
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Therefore, using the definition of ^p and the fact that (^O) C2) is a vector valued modular form 
(as observed in §3.2), we see that 

Hit) = x{d) , ,, {CT + d)'=-V(r). 

(nil + ^iis) 

Now, let A; = 2 and x = 1- Let ^(r) = (^i,i6''io ~ ^1,0^1 1)(''") be the cusp form of weight 3 
for SL2{1') with character uj as defined in p. 311]. Define ^2(''") C(2t). Then ^2 is 
a cusp form of weight 3 for ro(2) with character uj2. Consider the function ^'^(^2)^; which 
is a weight 10 cusp form for ro(2A^) and it is divisible by 77^^ (2r). Therefore, for odd 
square- free, by using the Atkin-Lehner VK-operator and Corollary 2.3 of [2], it follows that 
^^(^*)3 = 0, which gives 1^ = 0. When N = 2, we consider the function V'^^l; which is a 
weight 4 cusp form on ro(4). Since 5*4 (Fq (4)) = {0}, in this case also we get ip = 0. In other 
words, (fo = ^2 = 0, and ([9]) implies that = 0. Thus, we have the following theorem. 

Theorem 3.4. For N = 2 or an odd square-free positive integer, the differential map Dq®D2 
is infective on J2,2(ro(2A^)). 

4. A CERTAIN SUBSPACE OF THE SPACE OF JACOBI FORMS OF SQUARE-FREE INDEX 

Throughout this section m is a square-free positive integer and N is any positive integer. 
Consider the following subspace of the space of Jacobi forms of index m on ro(mA^): 

■Jk,m{^o{'^^)^x) {4> ^ Jk,m{^o{mN),x) ■ /im,r = for all r / 0,m}. 

For index 2, we will relate this subspace with the kernel space (as studied in §3) in §5. Denote 
the restriction of the space Ker(L'o) on this space by ^(Fo(mA^), x)*^- In this section we 
study this kernel space. The purpose of considering this restriction is to relate this kernel 
with index 1 kernel, which was studied in detail by Arakawa and Bocherer [Il[2]. Note that 
the full space of Jacobi forms of index 1 is the same as -|^(Fo(A^), x)- 

4.1. Connection to the space of modular forms. Suppose (p S Jk mi^oinT-N) , x)^ ■ Then 
= <?!'(r,0) = hm,oiT)9m,oir) + hm,m{T)Om,m{T)- We define a new function by 

hm,0 hjn m o\ 

^ •= -n = -E-^- (13) 

Since 6m,o and 9m,m have no zeros in the upper half-plane, ip defines a holomorphic function 
in the upper half-plane. For any 7 = ^) ^ ro("^-^)) let 7^ be as in §2. Then, ([6]) gives 
the following transformation. 



{hmfl{lT),hm,m{lT)) = x{d){cT + d)^ ^ {hmfl{T) ,hm,m{r))Ui{-frn) ■ 

Proceeding as in the proof of [1, Proposition 1], the above transformation together with ([3]) 
give the following transformation: 

V9(7t) = x{d)un.{l){cr + df-\[r) (14) 

for all 7 = ^) ^ ro(^^)- We now study the behaviour of (/? at the cusps of TQ{mN). 

We can assume that all cusps of Fo(m.A^) are of the form | with gcd(a, c) = 1 and c varies 
over positive divisors of mN . For such a cusp s = -, let a be the g.c.d. of m and c. Since m 
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is square-free, we have gcd(o^,c) — 1. Consider the S'iv2(^) element g — ( , j , where 

b and d are integers such that a^d — be = 1. One has goo = ^. Now we have 

(cr + d)~''+^{hr,^fl{gT), hm,m[9r)) = {cT + d)~^'^^ip[gT){e„i,m{gT), -Omfiigr)) 

= {cT + d)-'+-2^{gT){9^,o{-gT),e^,^{-gT)) S. 

a a 

f— 0\ fa— b\ 

Since ( g ^^^^^ ^' ~ \ c dl^^ ^^ ^0(0) and r' = ^r. Therefore we get 

(cr + d)-'=+^(Vo(5T), = (cr + d)->'+'ip{gT){e^,oi-r),e^,^{-T))U^{g'J S, 

m m 

where g'^ = i^^j^ ^^d^ ' ^■^ ^ similar argument as done in the proof of 

[U Proposition 1], we can show that Lp is holomorphic at all the cusps of ro(mA^). This 
shows that the function is a modular form of weight k — \ for ro(mA^) with character x'^m- 
(We denote the space of all such modular forms by Mfc_i(ro(mA''), x^^m)-) 

Conversely, starting with a modular form G Mfc_i(ro(mA^), x'^m), we obtain a Jacobi 
form 

4>(t, z) = (p{T){em,m{T)9i,fi{T, z) - Om,o{r)Oi^^{T, z)), (15) 

which belongs to ^(ro(mA^), x)''- We summarize the result of this subsection in the 
following theorem. 

Theorem 4.1. There is a linear isomorphism 

Kn ■■ JfcV(ro(m7V),x)° Mfc_i(ro(miV),xa;„^) 

given by ()13p . 

4.2. Connection to the space of cusp forms. Let D2 be the differential operator as 
defined in Let cf) £ J^* 2(ro(miV), x)° be of the form given by (|15p . Then applying D2 
and using the differential equations as given by pop . we have 

Z)2(0)(t) = 4mkip{T){em,m9'm,o " ^m,oCm)(^) = 4m^kcp{T){6i,ielo " difiOli){mT) 

where ^(r) is as in §3.3. We define imi'^) '•— which is a cusp form of weight 3 for the 

group ro(m) with character Wm- Now define the space 

Sl+2{'^o{mN),xf ■.= {! £Sk+2{To{mN),x) : //C e Mfc_i(ro(miV), xoJ™)}. 
We summarize the results of §4.1 and §4.2 in the following theorem. 

Theorem 4.2. The map D2 : J^^m (Fq (miV), x) — > Sk+2{J^o{fn^)-,x) induces an isomor- 
phism between m(^o(^^)'^)^ ^'^^ S^_^_2{To{mN),x)^ ■ Combining this with 
Theorem 14.11 we get the following commutative diagram of isomorphisms: 



j,V(ro(miv),x)° 



D2 



Mfc_i(ro(miV),xcJ™)- -5*+2(ro(miv),x)° 
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where the isomorphism in the bottom is given by if Am'^k^^ip. 

4.3. Connection to the kernel space for index 1 Jacobi forms. We know that the 
operator Dq © D2 is injective on Jfc,i(ro(-^))- Also by [2, Theorem 4.3], Dq is injective 
on J2,i(ro(A^)) for square-free A'^. Now we deduce similar kind of results for the space 
^(TolmN)) in the following two corollaries. 

Corollary 4.3. The differential map Dq®D2 : J^ ,„(ro(mA)) — > Mk{TQ{mN))®Sk+2{^Q{mN)) 
is injective. 

Proof. This follows from the fact that has no zeroes in the upper half-plane. □ 

Corollary 4.4. The restriction map Dq : J|^(ro(?7iA^)) — > M2{TQ{mN)) is injective, when 
mN is square-free, i.e., the kernel space J2 „i(^o{^N))^ = {0}- 

Proof. By Theorem 14.21 we see that the spaces J|^(ro(mA)) and Sl{ro{mN)) are isomor- 
phic, where 5|(ro(mA)) is the subspace of 54(ro(mA^)), whose functions are divisible by 
^j^, in other words, divisible by ry^(mr). By applying the Atkin-Lehner T^-operator W{m), 
this subspace is equal to the subspace whose functions are divisible by rf'{T). Therefore, 
Sl{To{mN)) = 54(ro(mA))'' = {0} (by % Corollary 2.3, Eq.(2.4)]), since mN is square- 
free. □ 

Let Jfc^m(ro("iA), I/) denote the space of Jacobi forms of index m on TQ{mN) with char- 
acter V. The isomorphism diagram of Theorem 14.21 gives the following corollary. 

Corollary 4.5. The two kernel spaces Jk,i{To{mN),x)^ and ^{TQ{mN),x'^m'^)^ are iso- 
morphic. 

If we use [21 Theorem 4.3] with the above corollary, we have 

Corollary 4.6. Let N be a square-free positive integer and coprime to m. Then J|^(ro(mA), 
{0}. 

5. Concluding Remarks 

Remark 5.1. Note that Theorem 14.21 reduces to [1, Theorem 2] in the case of index 1. 
Moreover, corollary 14.51 shows that there may exist isomorphic subspaces in the space of 
Jacobi forms of different index. 

Remark 5.2. The space ^(ro(rn,A), x) as defined in the section [4] can be quite large for 
some index. For example, if k is even and m is square- free, we verify that dim ^{TQ{mN)) ^ 
dim Jk,m{SL2{1j)). Take any Jacobi form = Ylj=o^ ^m.j^m j even weight k and square- 
free index m for the full Jacobi group S'L2(Z) ix Z^. Using ^ and the function defined by 
+ h 

m,mGrn m Jacobi form of Weight k and index m for the Jacobi group 
ro(m) K Z^. Define a mapping Jk^m{SL2{'L)) — > Jl^jni^oim)) by (piT,z) 1 — > V'o,m('r, z). 
The injection of this map comes from [7, Theorem 1]. Hence for any positive integer N, dim 
J*k,mi^o{mN)) ^ dim JfcV(ro(m)) ^ dim Jfc,„(5L2(Z)). 

Remark 5.3. Suppose A^ is either 2 or an odd square-free positive integer. If we use 
([6|), the space 2(ro(2A), x) is isomorphic to yM^_ 1 (ro(2A), x; f^l )' space of vec- 
tor valued modular forms of weight k — ^ and (projective) representation C/| defined on 
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ro(2) by C/2(7) = ^1(72)- Also the space yM^_ 1 (ro(2A^), x; is isomorphic to the space 
V Mk-i{rQ{2N) , x; P2) by {fo, LP2) 1 — > (^7' ^7)' Combining this observation with Theorem 
13.21 the full kernel space Jfe_2(ro(2A^), x)'' and the space 2(ro(2A^), x) are isomorphic. 

Remark 5.4. Suppose N is either 2 or an odd square-free positive integer. If we consider 
the space 2(ro(2A^), x) as a subspace of the full kernel space Jfc,2(ro(27V),x)°,then under 
the isomorphism diagram of ^ any (j) G 2(ro(2-/V), x)'^ will correspond to the vector 
valued modular form (930,922) such that 920^2,0 + 922^2,2 = 0. In this case the image of the 
space 2(ro(2A^), x)'^ under A2, is isomorphic, to the space Mfc_i(ro(2A^), x^2) and the 
isomorphism is given by (920,922) ' — > ^^(= "If^)- 
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